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1 Introduction 



The interest in superstring in curved backgrounds has increased considerably during 
the last fifteen years as a consequence of the AdS/CFT correspondence [1, 2, 3]. 
Attention first focused on type IIB AdS 5 x S 5 superspace, as main object of the 
correspondence. The general expression of the Green-Schwarz superstring in a generic 
type IIB supergravity background was known for some time [4]. In particular, for the 
AdSs x S 5 background the explicit form of the metric and the Wess-Zumino term was 
found in [5] , noting that this superspace is homeomorphic to the coset supermanifold 
PSU(2, 2|4)/SO(4, 1) x SO(5) and the superstring action can be written as a sigma 
model on this coset. This approach is the generalization of the flat space construction, 
in which the Green-Schwarz superstring is reproduced by a sigma model on the coset 
SuperPoincare(D = 10, Af = 2)/SO(9, 1) [6]. The Wess-Zumino term, typical of the 
Green-Schwarz action, is given by a 3-form integrated on a three dimensional volume 
bounded by the world-sheet. The main property of the PSU(2, 2|4)/SO(4, 1) x SO(5) 
coset is to be a semi-symmetric space, i.e. to admit a Z 4 -grading, and this fact allows 
to write the Wess-Zumino term as a world-sheet integral of a 2-form [7]. 

In general, to quantize the Green-Schwarz action one has to fix the local fermionic 
kappa-symmetry. Alternatively, one can introduce some ghost fields - specifically 
bosonic spinors - with their conjugate momenta and provide the action with a BRST 
symmetry [8]. To assure the on-shell nilpotency of the BRST charge and the BRST 
invariance of the action, the ghosts have to satisfy a peculiar condition and are called 
pure spinors. (For a recent review see [9, 10, 11, 12].) The pure spinor approach 
avoids the presence of the kappa-symmetry. In particular, in flat space this formalism 
provides a quadratic action for the matter fields, hence it does not require to fix the 
light-cone gauge and preserves the manifest Poincare covariance. Solving the pure 
spinor condition and writing the ghost action in terms of free fields, it is possible to 
show [8] the absence of the conformal anomaly and obtain for the Lorentz currents 
the same OPE as in the Ramond and Neveu-Schwarz formulation. Nevertheless the 
constraint solution breaks the SO(10) euclidean Poincare covariance to U(5). 

Pure spinor superstring naturally extends to curved backgrounds in supercoset 
formulation, especially AdSs x S 5 [8, 13]. In this case the global Poincare covariance 
typical of flat space becomes a gauge covariance under the little group SO (4, 1) x 
SO(5). To quantize this model one has to properly take into account, and eventually 
solve, the pure spinor constraint resulting from the requirement of BRST invariance. 

After the conjecture of Aharony, Bergman, Jafferis and Maldacena [14] the atten- 
tion has been extended to type IIA superstring in the AdS 4 x CP 3 background as 
dual of a M = 6 superconformal Chern-Simons-matter theory in three dimensions. 
The bosonic part of the supercoset OSp(4|6)/SO(3, 1) x U(3) is homeomorphic to 
AdS 4 x CP 3 , hence it is natural to write the Green-Schwarz superstring as a sigma 
model on this coset [15, 16, 17], like in the AdSs x S 5 case. However the supercoset 
OSp(4|6)/SO(3, 1) x U(3) has 24 fermionic degrees of freedom instead of 32, thus 
it does not completely describe the IIA AdS 4 x CP 3 superspace [18]. As discussed 
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in [15], the sigma model action can be thought as the Green-Schwarz action with 8 
degrees of freedom gauged away by using half of the kappa-symmetry parameters, 
indeed the sigma model still presents a local fermionic invariance of rank 8. Never- 
theless, for particular configurations, such as a string moving only in the AdS part of 
the background, the rank of the fermionic symmetry becomes 12 and the coset model 
does not contain all physical fermionic degrees of freedom. 

The supercoset OSp(4|6)/SO(3, 1) x U(3) is a semi-symmetric superspace and ad- 
mits pure spinor formulation for the superstring [19, 20, 21] completely analogous to 
the PSU(2, 2|4)/SO(4, 1) x SO(5) background. The aim of this work is to present a 
coset formulation of the superstring in AdS 4 x CP 3 with the ghost action written in 
terms of the variables which solve the pure spinor condition. After having identified 
the ghost degrees of freedom, we replace the pure spinor action with a new action for 
these variables by imposing SO (3, 1) x U(3) gauge covariance. We use the background 
field method to check the consistency of our model. In particular we show the van- 
ishing of the conformal anomaly up to the second order in the background expansion 
parameter and the absence of divergent contributions in the one-loop effective action. 

The paper is organized as follows. In section 2 we resume the main results for 
the pure spinor superstring in semi-symmetric spaces and in section 3 we specify the 
AdS 4 x CP 3 case as OSp(4|6)/SO(3, 1) x U(3) supercoset. In section 4 we give the 
solution of the pure spinor constraint in term of independent ghosts and auxiliary 
variables. In section 5 we present the action term for these fields and quantize the 
model using the background field method. Finally, in section 6, we make perturbative 
computations of the central charge and the beta-function. In the appendices we 
summarize our conventions and give the OSp(4|6) superalgebra in a form suitable to 
handle the pure spinor constraint. 

2 Pure spinor superstring in semi-symmetric superspaces 

Let us consider a superspace described by a supercoset manifold G/H, where the 
bosonic part of the supergroup G - named Bos[G] - gives the isometries of the space 
and H is its bosonic stability subgroup. If the Lie superalgebra Q of G admits 
an automorphism Q involutive on Bos[£?], the superspace is said semi-symmetric [22]. 
Thus, defining 1-L k the eigenspace of Vt associated with the eigenvalue i k , k = 0, 1, 2, 3, 
Q can be Z 4 -graded as 

3 

By definition ([A, B}) = [Sl(A), £l(B)] for all A,BeG, hence if H kjL G U K i one has 

[Hk, Hi] G Hk+il mod 4 

i.e. "Ho an d %2 are the bosonic eigenspaces, while "Hi and "H 3 are the fermionic 
ones. In particular "H is a closed subalgebra and generates the subgroup H. Semi- 
symmetric spaces and their automophisms have been completely classified in [22] . For 
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the types corresponding to PSU(n|n) and OSP(2n|2n + 2) symmetries, superstring 
admits a sigma model description [23]. In these cases the action is written in terms 
of the canonical form J = g~ 1 dg, with g e G, that takes values in Q, satisfies the 
Maurer-Cartan equation 

d J + J A J = 

and decomposes as 

3 

J = Jk , Jk £ Hk ■ 

fc=0 

J is invariant under global left multiplication g — > g'g with g' G G, while under a 
local right multiplication g ^ gh with h & H, J transforms as a gauge connection 

J ->■ hT l J h + 

and Ji,2,3 transform according to the adjoint representation of /i, i.e. like matter fields 

"A,2,3 - > h 1 Jl,2,3^ • 

In complex worldsheet coordinates, every canonical form Jk has two components 
Jk, Jk transforming as (1,0) and (0, 1) worldsheet tensor respectively. 

The pure spinor superstring action [8, 13] is given by the sum of a matter and a 
ghost part 

Sps = S ma tter + S\ (2.1) 



with 



Sraatter — ~ '. I d Z STr 



1 — 3 — 1 — ' 

-J2J2 + ^^3^1 + -^J\J?> 



(2.2) 



and 



^ y J 2 ^ STr [w 3 VA! + Wl VA 3 + {u> 3 , Ai}{iui, A 3 }] . (2.3) 



2na 

The ghost fields Ai, A 3 are worldsheet scalars and take values in the fermionic 
eigenspaces "Hi and "H 3 respectively, while their conjugate momenta w 3 G "H 3 and 
w 1 G Hi are holomorphic and anti-holomorphic one-forms. The gauge field J only 
appears in the covariant derivative 

VA = d\ + [J , A] 

and couples the ghost to the matter sector. 

The BRST transformation acts on the group element g by right multiplication, 
Q{g) = 9(^1 + ^3)- From J = g~ 1 dg one immediately obtains 

Q{J2n) = [J2n+3i Al] + [J2TI+I, A3] , 
Q( J2n+l) = VA 2ra +l + [J2, A 2 „+ 3 ] , 
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where n — 0, 1 and all indices are modulo 4. For the ghost fields one assumes 

Q(X 1 ) = 0, Q(A 3 ) = 0, Q( W3 ) = J 3 , Q(w 1 ) = J 1 , 

according to Z 4 -grading and conformal weight. The requirement of BRST invariance 
for the pure spinor action yields the conditions 

{A 1 ,A 1 } = 0, {A 3 ,A 3 } = 0, (2.4) 

that correspond to the pure spinor constraint in flat space. Because of (2.4), the 
action (2.1) has an additional local invariance that affects the antighost fields only 

6w 3 = [\ u n 2 ], 5u>i = [A 3 ,fi 2 ] (2.5) 

with Vl 2 £ %2- Moreover the conditions (2.4) assure Q 2 = on shell up to gauge 
transformations [24, 25]. 

The explicit form of the pure spinor action (2.1) and pure spinor constraint (2.4) 
depends on the superspace, i.e. on the supercoset. The AdS 5 x S 5 case was studied 
in [8, 13] using the PSU(2, 2|4)/SO(4, 1) x SO(5) coset, while the AdS 4 x CP 3 case 
was studied in [19, 20, 21] using the OSp(4|6) /SO(3, l)xU(3) coset. 



3 OSp(4|6) / SO(3, 1) x U(3) supercoset 
Let us introduce [26] the (4 + 6) x (4 + 6) even supermatrix 

with Grassmann even entries for A, B and Grassmann odd entries for X, Y. We 
define the supertranspose of M 

A/rst {A 1 -y* 



and the (4|6) metric 

'C 4 
o 1 6 



K = 



where C4 is a real, antisymmetric matrix with C 4 2 = — 1 4 that can be chosen as the 
4-dimensional charge conjugation matrix (see Appendix A). By definition, M is in 
the superalgebra osp(A\Q) of the orthosymplectic supergroup OSp(4|6) if 

M st K + KM = , 

i.e. 

A l C A + C 4 A = 0, fi* + J B = 0, y* - C 4 X = , 



that gives 

Bos[OSp(4|6)] = Sp(4) x SO(6) = SO(3,2) x SU(4) . 
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There exist two real antisymmetric matrices K4, K§ of order 4 and 6 respectively, 
with the properties [1^4, C4] = 0, K 4 2 = — 14, K & 2 = so that 



Q(M) = 



is an automorphism involutive on sp(4) © so(6) giving the Z 4 -grading of osp(4|6). In 
particular the ^-invariant subalgebra is H = so(3, 1) ©w(3) and the bosonic part of 
the supercoset OSp(4|6)/SO(3, 1) x U(3) is 



Bos 



OSp(4|6) 



SO(3, 1) x U(3) 



SO(3,2) ?; SU(4) 

SO(3, 1) U(3) " S4 L 



as required. It is important to note that 

[n(M)\* =Sl(M*), 

thus, for all H 3 G U 3 , tt(H 3 *) = iH 3 * i.e. H 3 * G H x . Similarly for all E x G H x , 
H\ G T-L 3 and one can conclude that there is a one-to-one correspondence between 
Hi and 3 



We choose the SO(3, 1) x U(3) x "translations" basis for the OSp(4|6) superalge- 
bra (see Appendix B): The bosonic generators are 

H :{M mn eso(3,l), V a b eu(3)}, 

n 2 : {P rn G so(3,2)\so(3,l), V a ,V a G su(4)\u(3)} 

and the fermionic generators are 

Wi:{Ooa, O™}, H 3 :{O a a , 0\) 

with 

m, n = 0,l,2, 3 a, 6 = 1, 2, 3 a,a: = l,2. 

M mn and P m generate the rotations and the translations in AdS4 respectively, while 
V a b and V a ,V a play analogous role in CP 3 . The complete expression for OSp(4|6) 
superalgebra is given in Appendix B. The no n- vanishing supertraces are 

STr(M fc ,M mn ) = rj k[m rj n] i , STr(P m P„) = r/ mn , 

STr(V a b V c d ) = -25 a \ b , STr(V a V b ) = -5 a b , (3.1) 

STr((9 Qa (9/) = , STr(O^) = ie*^- , 

3 In general this property holds for all OSp semi-symmetric spaces and for most of the PSU ones. 
In particular it holds for PSU(2,2|4) [23]. 
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with r] mn = diag(+, -, -), r) k [ m r) n ] k = r) km r)i n - r] kn r]i m and e 12 = -e 21 
621 = 1- Thus we can define the components of the matter fields 



— —El2 — 



j = j mn M mn + r b v a b , 

J _ jaa/n _i_ J fyza 
"1 " ^ aa \ J aaSJ i 

and of the ghost/antighost fields 

Al = X aa O aa + XaaO aa , 

^3 = w\O a a + W^O\ , 



J2 = J m p m + rv a + j a v\ 



j 3 = j a a o a a + jja- 



A3 - X a a O a a + \° , O a a , 

Wl = W aa O aa + WaaO™ 



Using the supertraces (3.1) we can write the pure spinor action (2.1) for the AdS4 x 
CP 3 background explicitly. The matter term (2.2) becomes 



H 2 
2tt 



Smatter ~ I d Z 



2 Vtnn J J ^JaJ J a 



(3.2) 



and ghost term (2.3) becomes 



S x = — [ d 2 z 



+ 



\vkmVm {w\{a kl ) a ^ a + (» 7 V mn ) 7J A\ + ^ 6 (<7™)^ 



- 5 (e.// - e^VA/jft) (eafiw^X^ - e^A/) , (3.3) 
where the coupling constant is given naturally by the AdS 4 radius a' = 1/i? 2 . 

4 Solution of the constrain 

By means of the OSp(4|6) superalgebra the ghost constraints (2.4) become 

£abcX aa e al3 \ l3b = , € abc \ a a e a p\ b = , 

e abc \ aa e^\ 0b = , CfcVe^V = , (4.1) 

W/V-o, V(5 m )V /, « = °- 

The constraint on Ai can be solved setting [19] 

A Qa = a «° , A da = (4.2) 

with the condition 

u a v a = . (4.3) 



Moreover, exploiting the possibility of rescaling the 9 and ip variables, one can nor- 
malize u and v and set 

| u | 2 = uX = l, \v\ 2 = v a *v a = l. (4.4) 

In this way the constraint on Ai - i.e. the first column of (4.1) - translates into the 
conditions (4.3) and (4.4). 

The ghost fields 9 a and are unconstrained spinors which transform under the 
(2, 1) and (1, 2) representations of SO(3, 1) respectively 

56" = I^(£„ m a""V > = \^^rnn<J mn Y. , 

with £ nm = — £ mn , and are U(3) scalars. On the other hand, u a and v a are SO(3, 1) 
scalars and transform under the 3 and 3* representations of U(3) 

6u a = u b (C d a c d ) b a , 5v a = , (4.5) 

where 

Obviously the hermitian conjugate fields u* a and v a * transform under 3* and 3 repre- 
sentations of U(3). 

We can naturally define the covariant derivatives 

ve a = de a -^(j mn a mn )«, 

and 

Vw a = du a + i J\u b , 

Vv a = dv a - W b J b a . 

The conditions (4.3) and (4.4) allow to arrange the (u,v) variables in the SU(3) 
matrix [27] 

U = (u a e abc v b u* c v a *) , 

furthermore they are invariant under U(l) phase transformations of u and v sepa- 
rately. Thus the degrees of freedom of (u, v) are described by the SU(3) /U(l) u xU(l)„ 
coset. The covariant canonical form of the su(3) Lie algebra, U~ l VU , projected onto 
su(3)\[u(l)0u(l)], is 

/0 -3i ~J2*\ 
J ./i ./V , 

\h h o / 

where 

h = e abc v a *u h Vu c , j2 = Va Vu a , j3 = e abc u* a v b Vv c , (4.6) 
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and can be used to describe the (u, v) sector. 

The constraint on A3 admits solution identical to Ai and, recalling the one-to-one 
correspondence between the eigenspaces "Hi and H3, we set 

X a a = rv a , K a = hu a (4.7) 

with the SO (3) spinors ip and 9 given by 

r = ^ 2 f a , 9 a = e a *(a 2 ) aa . 

As far as the antighosts are concerned, we introduce a pair of spinors u a and p a 
with (1,0) conformal weight that will play the role of the conjugate momenta of 8 a 
and ip a respectively. On general grounds, w 3 can be written as 

w a a = oo a (u* a + Ae abc u b v c * + Bv a ) , 

w« a = Pa(v a * + Ce abc u* b v c + Du a ) , 

where A, B, C, D are arbitrary functions. Exploiting the gauge invariance (2.5), which 
in our notation reads 

5w\ = l -n m M° m T a Va + -^e abc n b u c 9 a , 
5w a a = l -a rn e a {a m ) aa u a - -L € abc n b v c ij a , 



we can finally set 



= U a U* a , W A a = Pa V a * 



In analogous way, W\ can be written as 

w aa = -a v a* ^ 

with 

P = Pa{ a ) ) U a = U (<7 )aa ■ 

In conclusion the pure spinors A and their conjugate momenta w are given by the 
unconstrained SO(3, 1) ghost spinors 6,ip and their conjugate momenta u,p plus the 
SU(3)/U(1) x U(l) currents jk- The next step is to construct an action for these 
variables. 



5 Action with unconstrained ghosts 

We now propose to replace the ghost action S\ in (3.3) with an action for the uncon- 
strained ghost and for the currents jk an d write the AdS 4 x CP 3 superstring action 

as 

S = S ma tter + S 'ghost + Sj , (5-1) 
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where S matter is given in (3.2), 

S ghost = J d 2 z (e a pu a VeP + e^V^ + e aP p a V^ + e^V^j 

~sk? f d2z Vm[kVi]nL mn L kl , (5.2) 



and 



S S = ^ / d 2 zTr(jj) = ^Jd 2 z [j^i; jk + c.c] , (5.3) 

where the normalization in Sj is chosen for later convenience. The second line of the 
action (5.2) gives the coupling between the SO(3, 1) ghost currents L mn , L mn via the 
local AdS4 curvature tensor. These currents can be read from the ghost coupling to 
the gauge fields J mn and J mn in (5.2) and are 

j ran iJrl I , ,cef„mn\ n/3 , / z=.mn\a$„L \ 

L — \u {a )apv + Pa{& ) , 



jmn ( -a( _mn\ „i,B , - / - mn\a$ n \ 

L = — — \^p [a + u>a{a ) Vp) ■ 

As we will see, the ghost current coupling is necessary to have one-loop finiteness. 
Using (A.1)-(A.3), the ghost action (5.2) can be written as 



S gh o S t = ^ J d 2 z -i (e aP u a W + e^p d V^ + e a pp a V^ + e^aVfy) 
with e a ( y es)i3 = —{s a ^ps + ta&z^)- 



(5.4) 



By construction S ma tter and S g h os t are invariant under SO(3, 1) x U(3) local transfor- 
mations. Sj is obviously invariant under SO(3, 1). As far as the U(3) is concerned, 
we recall that u and v transform as 

u a -> u b M b a , v a M* a b v b 

with M G U(3) (see (4.5)). From the definitions (4.6), we see that ji is an U(3) 
scalar, while ji and j 3 are U(3) pseudo-scalar, i.e. 

ji ->■ (detM)ji, j 3 -)• (detM*)j 3 . 

Therefore Sj is also invariant under local U(3) transformation. 

In the following sections we will compute the central charge and the effective ac- 
tion using the background field method [28] to treat the action (5.1). 
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We first discuss the matter sector. In a coset manifold, it is natural to expand 
around an element of the group g = 7je x l R where g~ is in OSp(4|6), X is the quantum 
fluctuation and R is a scale which counts the order of the perturbative expansion 
and can be identified with the radius of AdS 4 . The gauge invariance of the action 
under g — > ge^ with i) e so(3, 1) © u(3) allows to choose X = Ya=i e osp(4|6) \ 
[so(3, 1) © «(3)]. For the Maurer-Cartan form one gets 



~ 1 



J = J + (dX + [ J, X]) + — - [dX + [ J, X] , X] + O — 



R 



2R 2 



R 3 



(5.5) 



with J = g~ 1 dg. 

Inserting the expansion (5.5) in (2.2) one obtains the kinetic term for matter 
fluctuations 



~>xx 



1 

2^ 
1 

2t\ 



d 2 z STr 



l -BX 2 dX 2 + dXiOXs 



(5.6) 



d 2 z 



-dX m dX m - BX a dX a - ie aP dX aa dX p a - ie^BX dia dX. a 



Similarly, from the decomposition U = Ue x l R where U is a fixed SU(3) matrix and 
x G su{3) \ [u(l) © m(1)] is the fluctuation, one writes for j 



j = e - x/R j e x/R + e~ x/R de x/R 
1 

= j + (dx + \j,x]) + -- - , 



(5.7) 



where 



x 




and j is the projection of U 1 Vf/ on su(3) \ [ii(l) © «(!)]. The kinetic term for x is 



3 

S xx = - / &4<9a; fc 



(5.8) 



From the actions (5.6) and (5.8) one computes the OPE for the fluctuations 

X m {z)X n {w) = -7] mn \n\z - w\ 2 , X a {z)X h {w) = 5 b a ln\z - w\ 2 , 
X aa (z)X%(w) = -ie a ?5 b a \n\z - w\ 2 , X &a (z)X- b (w) = -ie^S a b ln\z - w\ 2 , 



(5.9) 



x* k (z)xi(w) 



~S k iln\z - w\ 



and from the action (5.4) one computes the OPE for the ghost fields 



u a (z)9^(w) = -^e a ?— 



R 2 z — w ' 



1 



i? 2 ap z-w 



(5.10) 



(5.11) 
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6 Central charge 

The stress-energy tensor of the action is given by 

T Tmatter T ghost Tj , 

where 

T matter = -i? 2 STrQj 2 J 2 + , (6.1) 

T ghost = 1R 2 (e^Ve 13 + e^paV^) , (6.2) 

Tj = -R 2 Ti (jtj) . (6.3) 

By using the expansions (5.5), (5.7) and the OPE (5.9)-(5. 11), one obtains an expan- 
sion in power of 1/R of the central charge 

c = c<°> + ±c« + ± C W + ■ ■ ■ . (6.4) 
We will study separately the matter, ghost and j sectors. 

Using (5.5) the matter part of the stress-energy tensor (6.1) without background 
currents becomes 



T m atter{J — 0) — — STr 



\dX 2 dX 2 + dX x dX 3 



= - l -r lmn dX m dX n + dX a dX a + ie^dX^dX^ + ie^dX 6ia dX. a + O (^j . 

Notice that a 0(X 3 /R) contribute is zero, due to the symmetry properties of the 
structure constants of the superalgebra. By means of the OPE (5.9) we obtain the 
matter contribution to the central charge at the zero order 

4°2. matter = 4(AdS) + 6(CP) = 10 , cf erm . matter = -12 - 12 = -24 . 
Moreover, the absence of a term 1/R in T matter implies that c matter = 0. 

The ghost contribution to the central charge can be computed by setting J mn = in 
(6.2) and using the OPE (5.11). At zero order one obtains 

c (o) _ 4 , 4 _ o 

C ghost ~ * + * ~ ° ■ 

Moreover corrections to the ghost central charge arising from the expansion of J mn 
are proportional to 1/-R 4 , since X = 0. 

Finally, using (5.7), the stress-energy tensor of the j sector, becomes 

3 



Tj(j = 0) = -2 dxldx k + O (^) , 
fc=i ^ ' 
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and gives 




As for the matter sector, Cj is zero since the 1/R term of 7} vanishes. 
Collecting the above results one gets 

C Cbos. matter C j 'erm. matter ~\~ Cghost Cj 10 24 + 8 + 6 , 

up to the 1/R 2 order. 

7 One-loop effective action 

We now discuss the one-loop finiteness of the effective action using the background 
field method. In general, by a dimensional analysis, the one-particle irreducible dia- 
grams which can diverge are the background field two-point functions, the background 
field-ghost-ghost vertices and the four-ghost vertices. 

To perform the loop integrals one has to go to momentum space and use dimen- 
sional regularization. Since we are interested in analysing the UV divergences, we 
can use the following dictionary [29, 30] relating the short distance singularities to 
1/e poles: 

ln|0| 2 -- 

e 

S(z - w)\n\z - w\ 2 ->■ -- (7.1) 

1 1 1 

2n \z — w\ 2 e 

7.1 Background field two-point functions 

The expansion (5.5) in the action (5.1) gives the interactions between the background 
fields 4 and the fluctuations. For the one-loop background field two-point functions 
one has to consider only interactions with two fluctuations and one or two background 
fields. Indeed one can easily see that the ghosts do not contribute to these two-point 
functions. 

It turns out that the results written in terms of supergroup structure constants are 
formally analogous in all semi-symmetric spaces and in particular they are identical 
to the PSU(2,2|4) case [12, 31]. Specifically, the divergent part of the JjJj two- 
point functions (i = 1,2,3) is proportional to the second Casimir operator of the 
supergroup, that vanishes in OSp(4|6) case. Similarly, the divergent contributes of 
the one-loop Jo Jo two-point function always sums to zero due to general properties 
of the structure constants of a superalgebra with non-degenerate metric [12]. As 
already mentioned, this result is independent of the ghost sector and therefore does 

4 In the following we will omit the tilde on background fields. 
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not provide a test for the solutions (4.2) and (4.7) of the pure spinor constraint. 
On the contrary the one-loop vertices involving ghost fields depend on the chosen 
parametrization and therefore their finiteness is a non-trivial check of the action 
(5.1). 

7.2 Background field-ghost-ghost vertices 

We first write the interaction terms of the action (5.1) required at one-loop. In 
particular, for the Jo uj9 vertex, one needs the interaction term 



S j xx ~ 4^ I <r '- ' 



dX m X n - dX n X m 
3 



- -i {dX\(a mn UX^ + dX^{a mn )^X^ 

~i [dx aa {a mn ux^ a + dxu° mn Y p x. 



+ J 



{dX b X a - dX a X b ) - i5 b (dX c X c - dX c X c ) 



(7.2) 



+ \{e aP dX\X? b -e^dX a b X pa ) 
- l - (e a pdX ab X? a - e^dX &a X b ) 
arising from the matter action (2.2), and the interaction terms 
Sxxue = ^J d2z H° mn )*pdX m X n - e a{l e s)p {dX^X 5 a + dX\X 5a )] u a 6? (7.3) 



and 

S- 



Jmn T) hl {o nk UX m X l + -e a{l e 5)p {a k X{X^X 8 a + X\X 5a ) 



+ J b e a(rt £ 5 )^(X lh X s a - X J a X 5b ) 



(7.4) 



arising from the ghost action (5.4). 

From (7.4) we get the first order diagram in Figure la which gives the following 
contribution to the effective action 



/ d z z J mn (z)u a (z)(a mn ) a p9 b (z)\n\0\ 2 + finite terms . 

27T J 

From (7.2) and (7.3) we get the second order diagram in Figure lb which gives 
-±-Jd 2 zJ d 2 wl mn {z)uj a {w){a mn ) a ^{w) 

x ( —S(z — uOlnlz — w\ 2 + — -. r^7 J + finite terms . 

V 2ir\z — w\ 
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(a) 



(b) 



Figure 1: Background field-ghost-ghost one- loop graphs of the first (a) and second 
(b) order. 

Summing these contributions and using the dictionary (7.1), we see that the three- 
point vertex J u9 is finite at one-loop. 

The calculation for the Jq ptp vertex is strictly similar, so there are no divergencies 
once again. Analogously the J &6 and J P4 1 functions do not diverge. 

7.3 Four-ghost vertices 

In addition to (7.3), the ghost action (5.4) also gives the interaction 



S 



XXpip 



in 



d 2 z [idX m X n {a mn ) a p ~ e ah e S)p {dX^X 8 a + dX\X 5a )} ?*¥ 



(7.5) 



The interactions (7.3) and (7.5) contribute to the four-ghost function u8fnp and yield 




ghost 




ghost 




X '4 p ghost ^ ghost 

(a) (b) (c) 

Figure 2: Four-ghost graphs with matter loop (a) and ghost loop (b,c). 
the matter loop in Figure 2a, giving 



47T 



d 2 z / d 2 w E a{ry E 5 )(5UJ a (z)6 l: \z)f '(w)^ d (w) 



x I —5(z — w)\n\z — w\ 2 + 



1 1 

2tc \z — w\ 2 



+ finite terms . (7.6) 



The remaining diagrams in Figure 2b and Figure 2c originate from the four-ghost 
terms in the action (5.4) and give 



\t I d 2 z [ d 2 w (e a ^ei3s + ^e a pe^s]^ a (z)p y ( y z)9 ,3 (w)ip 5 (w)- — — 



-finite terms 



\z — w\ 
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and 



(27T) 2 



1 



/ 



d 2 z / d 2 w 



ease?-/ - -e af 3e jS J u a (z)ip s (z)e^(w)p'(w) 



z — w 



1 



-+finite terms 



respectively. Thus for w — > z the two diagrams with ghost loop give 




/ 



d 2 we a{l e 5) pou a 6Pff^ 



2% \z — w 



1 



1 



- + finite terms . 



(7.7) 



Summing up the contributions (7.6) and (7.7) one finds that this four-ghost vertex 
function is finite. The calculation for the diagrams with external ghosts CuO pip is 
identical. 

8 Discussion and outlook 

In this work we reformulated the ghost sector of the pure spinor superstring for the 
AdS4 x CP 3 superspace in terms of a new set of unconstrained variables. In the 
supercoset formulation, the pure spinor ghosts Ai, A3 and their conjugate momenta 
W3, Wi take values in the fermionic eigenspaces Hi, of the OSp(4|6) Lie super- 
algebra and they are subject to the pure spinor condition {Ai,Ai} = {A 3 , A 3 } = 0. 
We replaced these variables in terms of the (anti)ghosts (u,9) and (p,ip), and their 
complex conjugates, which are free SO(3, 1) Weyl spinors. The remaining degrees of 
freedom parametrize a SU(3)/U(1) xU(l) coset. 

We wrote an action for these new variables, which is SO(3, 1) x U(3) gauge invari- 
ant. It also contains a coupling between the ghost Lorentz currents L mn and no other 
four-ghost coupling. The model is constructed to have a tree-level vanishing central 
charge, since our variables solve the pure spinor constraint. Using the background 
field method we showed this also holds up to the second order in the expansion pa- 
rameter. Then we analyzed the possible UV divergences of the effective action and 
showed its one-loop finiteness. The ghost Lorentz current interaction term included 
in the action is crucial to prove this fact. 

Further checks on our model may be done. In particular, the understanding of 
the role of the BRST invariance of the original pure spinor action. Obviously our 
model is not BRST invariant. This also happens in the flat space, where the action 
written in terms of the U(5) variables which solve the pure spinor constraint is no 
longer BRST invariant, although it is equivalent to a BRST invariant gauge- fixed 
action, modulo a redefinition of the antighosts [32]. A related and crucial problem 
would be the construction of the vertex operators in terms of the new variables. We 
plan to address these issues in the nearest future. 

Moreover, as already noted, the coset description of the AdS 4 x CP 3 background 
cannot describe all possible string configurations, indeed when the string moves en- 
tirely in AdSzt, the fermionic symmetry of the sigma model removes too many degrees 
of freedom. This fermionic symmetry is broken in the pure spinor formulation, thus 
it would be interesting to see if (and how) this issue manifests in the present model. 
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A Conventions 

For the antisymmetric 2-dimensional tensor we use the following convention: 

e 12 = —e 21 = 1 , £12 = —£21 = —1 , 

F F 7/3 — X P F ai F . — X" 

t a7 t ~~ u a J c G -y/3 ~~ u p ■ 

To treat the symplectic part of the OSp(4|6) superalgebra we define the 4-dimensional 
charge conjugation matrix (/i, v — 1, . . . , 4) 



C, 



fii/ 



and its inverse 



e a/ 3 




/0 -1 
1 







\ 



1 
-1 0/ 



e a/3 
ej 



so that Cu P C pv = 5 where obviously 



By definition the Dirac matrices 7™ in 4 dimensions satisfy the Clifford algebra (m 
0,...,3) 

{ 7 m , 7 n } = 2rj mn 

with 7] mn = diag(+, — , — , — ). In the chiral representation they can be written as 

/ m\ v _ ( (°" )aa 

W )fi ~ I ^m-jcea Q 



with a m = (1, a , a , <7 ), being cr l the Pauli matrices and 
i.e. a m = (l,-a\-a 2 ,-a 3 ). 

We introduce a (1 + 4)-index m = (0', m) and define the matrices 7— = — 7 1 



1 

2 



(7 mB )/ = i[7 m ,7 B ]= 



(a mn ) d . 
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with 

1 

\° ) = 2 \K a ) ( a lap ~ \ a ) ( a Jap) ■ 

Useful identities are 

{ c *rnn)ap{ a ' mn )~ 1 5 = ^(^a^pS + £ aS £ Pj) = ~^ £ a{-y e 8)P , (A-l) 

(a^)"^")^ = 4(e"V* + A^) = -4£*<V )/5 , (A.2) 

(a mn M*™)^ = 0. (A.3) 
The indices of 7 m can be raised and lowered by the charge conjugation matrix 

(7 m r = C*( 7 "y , ( 7 "V = (7 m )/^ (A.4) 

and the Clifford algebra can be written as 

{i m ), P {i n r + (7 B M7 m r = airv . 

Notice that 7 mn can be also written in term of the (A.4) matrices 

(7""V = \ ((7 m U7 n r - (7") w (7 m )^) • (A.5) 
The matrix C also raises and lowers the indices of 7— 

(7^r = C*{-f*) p v , ( 7 ^U = (7^)/C p , , 

explicitly 



17 V-M^m)d« o 







V(^ m ) a /3 









V 


^- mn\ap 




_( 7 m ™) T 



v7 ^ q ^-mn^a ^$ 

Notice that by definition C'^C = -(7 m ) T , so C _1 7 mn C = -( 7 mri ) T i.e. 7 mn C 
(7 mn C) T , using C T = — C. Thus (7—)^ and (7^)^ are symmetric in //, z/ indices. 

To treat the orthogonal part of the superalgebra, we define the 4x4 antisymmetric 
chiral matrices p M (M = 1, . . . , 6) satisfying the Clifford algebra 

with a — 1, ... ,4 and 

{P M T A = \^(P M U i-e. {p M ) aA = \e a j^{p M T A , (A.6) 

where is the completely antisymmetric tensor (e 1234 = 1). As in (A.5), we define 
the matrices 

{p mn )} - I ((p m Up n ^ - (p n Up m ^) ■ 
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B OSp(4|6) superalgebra 



The natural form of the OSp(4|6) superalgebra is in Sp(4) x SO(6) basis. Denoting by 
Op U = U p and Omn = —Onm the bosonic generators of Sp(4) and S0(6) respectively 
and by OpM the fermionic ones, the algebra writes 

[O ' [iui Opo\ C ' fipO vcr ~\~ C^Q-Oi/p -\- C V pO -\- C va O pp 

[Omn, Okl] = &mkOnl — &mlOnk — &nrOml + &nlOmk 

{OpM, O p l} = i{—^MhOpp + CppOuh) 

[Op U , O p l] = CppO u L + CypOpL 

[Omn, O p l] = 5mlO p n — &nlO p m 
with fi,i/ = l,...,A and M,N — 1, . . . , 6. 

Due to the homomorphisms Sp(4) = SO(3,2) and S0(6) = SU(4), the OSp(4|6) 
superalgebra can be written in SO(3, 2) x SU(4) basis. The generators of S0(3, 2) 
and SU(4) are obtained by the change of basis 

M— = -^)^Op V , Op V = -l(^)^Mrnn , 

tj b _ l ( n MN\b n n _ l ( n MN\b T ja 

U Q L - ~^\P )a U MN, U MN - -~{p )a^b ■ 

For the fermionic generators, we define 

Opab = -jOpM{p )ab, Op M = —-{p )—Onab- 

It is useful to introduce also the generators 

O* = \e^Op cA = l -Op M (p M )^ , (B.l) 

see (A. 6). In this basis the OSp(4|6) superalgebra becomes 

[M-, M- ] = ri—M— - t]—M— - r]-M— + r]—M— 
Pi i ,U*] = i(5*U g *-6*U*) 

{0^,0*} = \ fesf-SfS*) (i^pvM^ 

[M^,Op cA ] = -\^);o ucA 

\U^Op cA \= l (5»-Op A -5lOp a _,-\5lOp cA ) 
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with m, n, k, I — 0', 0, . . . , 3 and a,b,c,d = 1, . . . , 4. 

We split the bosonic generators as 

M— = (M°' m , M mn ) , U b - = (U a b , U a \ U A a ) , 

with a = 1,2,3. M mn and U b generate the subgroups SO(3, 1) C SO(3,2) and 
U(3) C SU(4) respectively and we call them generators of "rotations". On the other 
hand, M°' m and U a \ U A a lie in the cosets SO(3, 2)/SO(3, 1) and SU(4)/U(3) respec- 
tively and we call them generators of "translations" . Thus we define 

We split the fermionic generators O^ab into {0^ Aai O ^ c ) and then substitute M & C 
with 

//-> 4a 1 abc/r\ 

using (B.l) and e 4 — = — e— 4 = — e abc . Finally we split the fx index in the (a, a) 
indices and write 

O aa = 0^ a , O a a = 0^ 4a when /i = l,2 

0\ = 0^ a , aa = ^a when ^ = ^ 4 

with a, a — 1,2. By means of these definitions and 

V b = JJ b - 5 b U c 

v a — ^ a u a w c 1 
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one writes the OSP(4|6) superalgebra in SO(3, 1) x U(3) x "translations" basis 

[M mn M 1 ' 1 ] = fj nk ]\/[ ml — fj mk M nl — rj nl M mk + fj ml ]{{ n,: 

[M mn P^ = ff 1 ^ P m rq m k p n 

^pm p n ^ — J\/l mn 

Wa \ V c d \=i (S c b V a d - S a d V c b ) 

Wa \ V c ] = i {5 c b V a - 5 a b V c ) [V a b ,V c ] = -i {5 a <V b - 5 a b V<) 
[Va,V b ] = i(V a b -6 a b V c c ) 

{O™, O^} = j= 2 e^e abc V c {0\, 0\] = --L £ ^e abc V c 

{O aa , 0? b } = \5 b {a-)JP m {O a \ 0\} = jW^m 

{O aa , Op b } = -\b b {a mn )^M mn + \e aP V a b 
{0\, 0? b } = -\b b {o™)^M mn + \e*f>V a b 
{O aa ,o\} = {O a a ,O^ b } = 

[M mn , O aa ] = -l(a™)JOp a [M mn , O a a ] = -\{a mn )^0. 



2\ w la ^pa y lv± i^ot J i\ lot 

[M mn , Aa ] = -\{o mn ) h pP a [M mn , 0\] = -\(a mn ) & p^ a 

[P m , O aa ] = -i{<J m ) a ^ a [P m , O a a ] = -\{o m ) a p^ 

[P m , &a ] = -\{a m )^Op a [P m , O d J = -\{a m )^Op a 

K b ,O ac ]= i5 b O aa [V a b ,0\]= i5 b O\ 

Wa \ ^1 = -^a C O hh Wa \ 0«1 = W,* 

Wa,O ab ] = -^ 2 e abc O a c Wa,O a b ] = 

Wa, 0« b ] = [V a , 0\] = -f 2 e abc O« c 

W a ,o ab ] = o W a ,o*]= ^ ahc o ac 

[V a , &b ] = -^e abc O\ [V a , 0\] = . 
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